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Abstract 

We study the long time behavior of the solutions to the 2D stochastic quasi-geostrophic 
equation on T 2 driven by additive noise and real linear multiplicative noise in the subcritical 



case (i.e. a > |) by proving the existence of a random attractor. The key point for the 
proof is the exponential decay of the L p -norm and a boot-strapping argument. The upper 
semicontinuity of random attractors is also established. Moreover, if the viscosity constant is 
CN \ large enough, the system has a trivial random attractor. 
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1 Introduction 

Consider the following two dimensional (2D) stochastic quasi-geostrophic equation in the peri- 
O : odic domain T 2 = M 2 /(2vrZ) 2 : 

t> 

*n = -u(t, • W(t, - «(-A) a 0(f, o + (G(9) V )(t, o, (1.1) 

o 

m 



with initial condition 

0(0,0 = 0o(£), (1-2) 

where 9(t,£) is a real- valued function of £ £ T 2 and £ > 0, 0<ot<l,AC>0 are real numbers, 
it is determined by through a stream function ib via the following relations: 

a. 

u = ( Ulj u 2 ) = (--R 2 ^, #10) = # 0- (1-3) 

Here i?j is the j-th periodic Riesz transform and rj(t,£) is a Gaussian random field, white 
noise in time, subject to the restrictions imposed below. The case a — | is called the critical 
case, the case a > \ sub-critical and the case a < ^ super-critical. 

This equation is an important model in geophysical fluid dynamics. Indeed, they are special 
cases of the general quasi-geostrophic approximations for atmospheric and oceanic fluid flows 
with small Rossby and Ekman numbers. These models arise under the assumptions of fast ro- 
tation, uniform stratification and uniform potential vorticity. The case a = 1/2 exhibits similar 
features (singularities) as the 3D Navier-Stokes equations and can therefore serve as a model 
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case for the latter. In the deterministic case this equation has been intensively investigated 
because of both its mathematical importance and its background in geophysical fluid dynamics 
(see for instance [4], [16], [13], [14] and the references therein). In the deterministic case, the 
global existence of weak solutions has been obtained in [16] and one most remarkable result in 
[4] gives the existence of a classical solution for a = 1/2. In [14] another very important result 
is proved, namely that solutions for a = 1/2 with periodic C°° data remain C°° for all times. 
In the subcritical deterministic case, the long time behavior of the solution has been studied in 
[13] by proving the existence of the global attractor. In [17] Rockner and the authors studied 
the 2D stochastic quasi-geostrophic equation on T 2 for general parameter a G (0, 1) and for 
both additive as well as multiplicative noise case. For a > | Rockner and the authors obtained 
the existence and uniqueness of a (probabilistically strong) solution. 

Recently there has been quite an interest in random attractors for stochastic partial differ- 
ential equations. We refer the readers to [2], [3], [5], [6] [7], [8], [10], [11] and the references 
therein. Studying the global random attractor is one way to investigate the long time behav- 
ior of partial differential equations perturbed by random noise. In this paper, we analyze the 
random attractor of the solutions to the stochastic quasi-geostrophic equation (1.1). More pre- 
cisely, we obtain that for the case a G (|, 1), the random attractor exists in the Soblev space 
H s (see definition below) for any s > 2(1 — a) if the quasi-geostrophic equation is driven by 
additive noise (Theorem 3.7) or real linear multiplicative noise (Theorem 6.6). Moreover, the 
random attractor is infinitely smooth if the noise is sufficiently regular. 

Comparing with some recent works on random attractors for SPDE (cf. [2], [11]), the main 
difficulty here lies in dealing with the nonlinear term in (1.1) since the dissipation term of the 
stochastic quasi-geostrophic equation is not regular enough to control the nonlinear term as 
in the case of SPDE within the variational framework (see [11] for many examples). In order 
to overcome this difficulty, we consider the solution starting from a smaller state space H s 
(Sobolev space, see definition below) for s > 2(1 — a), which is an invariant subspace of the 
solution. We obtain a stochastic flow associated with the stochastic quasi-geostrophic equation 
in H s space. Moreover, to get the existence of random attractors in H s space, one of the 
key point is the improved positivity lemma we established in [17] (see Lemma A.l). By this 
we obtain the decay of the L p -norm of the solutions (cf. (3.16)), which is essential to obtain 
an absorbing ball in H s . On the other hand, we can easily obtain the exponential decay of 
the L 2 -norm of the solution 9 to the stochastic quasi-geostrophic equation, which implies an 
absorbing ball in H. However, this is not enough to obtain the existence of random attractor 
since this set is not compact in H s space. Here we apply the exponential decay of the integration 

It \\o(!)\\h°m and the deca y of the LP 

-norms of the solution to obtain the exponential decay 
of the integration J^ +1 \\6{l)\\ 2 H2a dl. By using this and a similar technique we obtain this kind of 
estimate for f* +1 \\0(l)\\ 2 H3a dl. Now we use a boot-strapping argument to conclude the existence 
of a compact absorbing ball in H s (Lemma 3.6). 

Moreover, by the well-known results in [5] we obtain the upper semi-continuity of the random 
attractors (Theorem 4.2) if the quasi-geostrophic equation is perturbed by a small e-random 
perturbation, i.e. the random attractor is a random perturbation of the deterministic one in 
the sense that, given a 5 > 0, with probability one there exists Eq (depending on u) sufficiently 
small, such that the random attractor is inside the 5-neighbourhood of the global attractor for 
all e < e . 
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Furthermore, if the viscosity constant is large enough, we prove that the random attractor 
consists of a single point (Theorem 5.2). Since for the stochastic quasi-geostrophic equation 
the dissipation term is not strong enough to control the nonlinear term, we will use L p -norm 
estimate to control the nonlinear term in a larger space. We first prove for almost every 
realization of the noise, trajectories starting from different initial conditions in H l converge to 
each other in a larger space if" 1 / 2 which is the dual space of Sobolev space if 1//2 (see Lemma 
5.1). By this we obtain the existence of the limit for the stochastic flow S(t, r, u)8q constructed 
in Section 3 when time r goes to — oo. Then selecting a strictly stationarity version of the 
limiting process is the random attractor desired. 

This paper is organized as follows. In Section 2 we recall some basic notions for random 
attractors and the stochastic quasi-geostrophic equation. In Sections 3 , we obtain the existence 
of a random attractor for the solutions of the stochastic quasi-geostrophic equation driven by 
additive noise. In Section 4 we study the relation between the random attractor constructed 
in Section 3 and the global attractor obtained in [13] in the deterministic case, i.e. the upper 
semicontinuity of random attractors. In Section 5 we obtain the system has a trivial random 
attractor if the viscosity constant is large enough. The existence of a random attractor for 
the solutions of the stochastic quasi-geostrophic equation driven by real multiplicative noise is 
established in Section 6. 

2 The basic set-up 

We first recall the notion of a random dynamical system (c.f.[8], [7]). Let : Q —> Q},t G M, 
be a family of measure preserving transformations of a probability space (Q, J 7 , P) such that 
(t, u) H- # t a; is measurable, #o = id and fit+r = $t°$r for all i,r£l. Thus ((f2, J 7 , P), ($t)teit) 
is a (measurable) dynamical system. 

Definition 2.1 (i) A random dynamical system (RDS) on a Polish space (X,d) with Borel 
cr-algebra B over (Q, J 7 , P, is a measurable map 

if : M + x X x Q — y X; (t, x, uj) >-)■ ip(t, u)x 

such that <p(Q,cu) = id (identity on X) and 

ip{t + r,u) = cp(t, firUj) o if(r, u), 

for all t, r G 1R + and for all u G Q. <p is said to be a continuous RDS if tp(t,u) : X — >■ X is 
continuous for all t G 1R + and for all u G Q. 

(ii) A stochastic flow is a family of mappings S(t,r,x;cu) : X — > X,—oo < r < t < oo 
parameterized by u such that 

(t, r, x, u) — > S(t, r; u)x 
is B(R) g> B(R) ® ® J r /i3(X)-measurable and 

5(t, /; oj)S(1, r; o;)x = S(t, r; w)x, 

r; cu)x = S^t — r, 0; # r c<;)x, 
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for all r < I < t and all u G f2. S is said to be a continuous stochastic flow if x -> S(t,r;co)x 
is continuous for all r < t and u G Vt. 

With the notion of an RDS above we can now recall the stochastic generalization of notions 
of absorption, attraction and Vt- limit sets (cf. [8]). 

Definition 2.2 (i) A (closed) set-valued map K : Q — > 2 X is called measurable if u — > K(u>) 
takes values in the closed subsets of X and for all x G X the map u h- >• <i(:c, A" (w)) is measurable, 
where for nonempty sets A, B G 2 X we set 

d(^4, B) = sup{inf{d(x, y) : y E B}, x G A}, <i(x, 5) = d({x}, B). 

A measurable (closed) set- valued map is also called a (closed) random set. 

(ii) Given a random set K, the set 

n(K,u) = n K (u) = f| U ¥>M-tw)tf(0-*w), 

r>ot>T 

is said to be the f2-limit set of K. 

(iii) Let A, B be random sets. A is said to absorb B if P-a.s. there exists an absorption 
time £b(cj) such that for all t > tsioj) 

ip{t,$- t uj)B($_ t u) C A». 

A is said to attract B if P-a.s. 

d(ip(t, ti-t^B^-tu), A(u)) ->■ 0, t -> oo. 

Definition 2.3 A random attractor for an RDS is a compact random set A satisfying P-a.s.: 

(i) A is invariant, i.e. <p(t,cu)A(uj) = A{$ t u) for all t > 0. 

(ii) A attracts all deterministic bounded sets B C X. 

The following proposition yields a sufficient criterion for the existence of a random attractor 
of an RDS. 

Proposition 2.4 (cf. [8, Theorem 3.11]) Let if be an RDS on a Polish space X and assume 
the existence of a compact random set K absorbing every deterministic bounded set B <Z X. 
Then there exists a random attractor A, given by 

BCX,B bounded 

In Section 3 and Section 6 we will apply Proposition 2.4 to prove the existence of a random 
attractor for the RDS associated with the stochastic quasi-geostrophic equation. 

Now we recall the following strong notion of stationarity, which is essential to construct an 
RDS. 
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Definition 2.5 A map Y : R x Q — > X is said to satisfy (crude) strict stationarity, if 



Y(t,cj)=Y(0,$ t u), 

for all u G Q and iet (for all t G M, P-a.s., where the zero-set may depend on t). 

For RDS we need to use the following proposition from [15, Proposition 2.8] to select an 
indistinguishable strictly stationary version. 

Proposition 2.6 Let V C X and Filxfi-ylbea process satisfying crude strict 
stationarity. Assume that Y G C(R;X) ft L 2 oc (R; V) P-a.s.. Then there exists a process 
F:lxO->I such that 

(i) Y eC(R; X) n Lf oc (R; V) for all u G Q. 

(ii) Y,Y are indistinguishable, i.e. P[Y t = Y t , for any t G R] = 1, with a ^-invariant 
exceptional set. 

(hi) Y is strictly stationary. 

In the following, we will restrict ourselves to flows which have zero average on the torus, i.e. 

6d£ = 0. 
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Thus (1.3) can be restated as 

dip dtp 



u 



and (-A) 1/2 tp 



Set H = {/ G L 2 (T 2 ) : J T2 fd£ = 0} and let | • | and (■, ■) denote the norm and inner product 
in H respectively. On the periodic domain T 2 , {sin(/c£)|A; G Z^} U {cos(/c^)|/c G Z 2 ,} form an 
eigenbasis of -A (we denote it by {e k }). Here I? + = {(k u k 2 ) G Z 2 \k 2 > 0} U {{k u 0) G Z 2 |/ci > 
0},Z^ = {(A;i,fc 2 ) G Z 2 | — fc G Z^},^ G T 2 , and the corresponding eigenvalues are |/c| 2 . Define 

ll/Hir. = El fc l 2s (/' e ^) 2 

A; 

and let H s denote the Sobolev space of all / for which ||/||h s is finite. Set A = (—A) 1 / 2 . Then 

WfWns = |A7|- 

By the singular integral theory of Calderdn and Zygmund (cf [18, Chapter 3]), for any 
I > 0,p G (1, oo), there is a constant C = C(l,p), such that 

HA^IUp^CU^IIA^IIlp. (2.1) 

Fix a G (0,1) and define the linear operator A a : D{A a ) = H 2a (T 2 ) C H -)■ H as 
A q m := k(— A) q m. The operator A Q is positive definite and self-adjoint with the same eigenbasis 
as that of —A mentioned above. Denote the eigenvalues of A a by < Ai < A2 < ■ • • , and 
renumber the above eigenbasis correspondingly as ei,e 2r ... 

First we recall the following important product estimates (cf. [16, Lemma A. 4]): 
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Lemma 2.7 Suppose that s > and p G (1, oo). If /, g G C°°(T 2 ), then 

||A s (^)||l, < C(||/|| LPl ||A s s|| LP2 + I^IUps II A S /IM, (2.2) 
with pi G (1, oo), i = 1, 4 such that 

11111 

P Pi £>2 P3 P4 

We shall as well use the following Sobolev inequality (cf. [18, Chapter V]): 

Lemma 2.8 Suppose that q > l,p G [q, oo) and 

1 a _ 1 
p 2 g' 

Suppose that A a f G L 9 , then / G L p and there is a constant C > such that 

II/IIlp < ciiaviu.. 

Remark 2.9 Note that, because divu = 0, for regular functions 9 and ^, we have 

(«(s)-V(0(a)+^),0(a)+V) =0, 

so 

(U( S ).V0(S),V) = -M5)-V^0(5)). 

3 Additive noise 

In this section we consider the abstract stochastic evolution equation driven by additive noise 
in place of Eqs (1.1)-(1.3), 

— + AJ + u-WO = dW, (3.1) 
at 

where u satisfies (1.3), W is a trace-class two-sided Wiener process in H with covariance GG* on 
a filtered probability space (Q, J 7 , {J r t}tGR, P), where G G L 2 (H,H) (i.e. = all Hilbert-Schimit 
operators from H to H .) 

From now on we take W to be the canonical process on Q := Co(R, H) := {w G C(R, i/); u;(0) 
0}, to be canonical filtration and ^ t to be the Wiener shift given by fitoj := u(t + ■) — u(t) 
and P = the law of W. Then ((fi, J 7 , P), (fit) tew.) i s a (measurable) dynamical system. 

In this section, we prove that if the noise is regular, the associated random attractor is 
smooth. Now we fix s > 2(1 — a) and assume that: 

Hypothesis (E.l) There exist e > 0, a > V (1 - s) such that G G L 2 (H,H 2+£0 ) n 
L 2 (H,H s+1 ~ a+ao ), i.e. 

S := Tr(A( 2s+2 - 2a+2CT0 ) v ( 4+2e °)GG*) < oo. 
Given 7 > 0, let z be the stationary solution of the equation: 

dz + (A a + >yl)z = dW; 
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thus for t G R, 

= / e - (i - /)(Aa+7/) diy(/). 



CO 



By the Strong Law of Large Numbers ( see [9, Theorem 3.1.1]) and the assumption (E.l) 
we have for any k > 1, m < (s + 1 — a + a ) V (2 + e ) 



lim — / \A m z\"dl ->E\A m z(0)\ K P-a.s.. (3.2) 

to^-oo -1 - t J tQ 

Moreover, z G C(W,H m ) P-a.s.. By Proposition 2.6 we can choose a version of z such that it 
has strictly stationarity, i.e. for all t G R, u G fi, 

z(t,w) = z(0,$ t u), (3.3) 

and for u G f2, z(k>) G C(R, P m ). In the following we will take this version of z. We can easily 
compute 

lim E\k m z($)\ k = 0, (3.4) 

7— >oo 

(cf. [3, Proposition 6.10]). By Ito's formula for k > 2 we have 
d|A m ^(t)| fc + A;|A m z(t)| fc - 2 |A m+Q 2| 2 cit 
<A;|A m ^| fc - 2 (A 2m ^,rfiy(t)) + h{k - l)|A m 2| fc - 2 ||A m G|| 2 2( ^)^. 

By B-D-G inequality we can easily deduce that m < (s + 1 — a + cr ) V (2 + e ), k > 1 

£ sup \A m z(t)\ k < C(m,k). 

0<i<l 

Then by (3.3) and the dichotomy of linear growth (cf. [1, Proposition 4.1.3]) we have 

\A m z(t)\ k , , 

lim sup - f^- = 0, (3.5) 

on a ^-invariant set of full P-measure. 
3.1 Stochastic flow 

In the following we will consider the equation cu-wise. If there is no confusion we omit u for 
simplicity. We now use the change of variable v(t) = 6{t) — z(t). Then, formally, v satisfies the 
equation 

dv 

— + A a v + u-V6 = 7z. (3.6) 

(JjL 

For (3.6) we obtain the following w-wise existence and uniqueness result if the initial value 
starts from H s , s > 2(1 — a). 
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Theorem 3.1 Fix a > 1/2. Suppose the condition (E.l) holds. For anyt>o £ H s ,s > 2(1— a), 
there exists a unique solution v G L~ c ([t , oo); H s ) D Lf oc ([io, oo); H s+a ) of equation (3.6) with 
v(to) = ^o, i-e. for any if G C^T 2 ) 



(v{t),<p)-(v ,<p)+ (A)l 2 v(r),A)l 2 ip)dr- j ((u v + u z )(r) -Vip,(v + z){r))dr = / (-yz,<p)dr, 

J to J to J to 

where u v ,u z satisfy (1.3) with 9 replaced by v,z respectively. 

Proof [Step 1] We first establish the existence and uniqueness of the solutions to the following 
linear equation: 

dv{t) + A a v(t)dt + w(t) ■ V(v(t) + z)dt = ^zdt (3.7) 
v(t ) G H a nH s , 

with a given smooth function w(t) which satisfies divw(t) = and sup t6 [ t0)T ](||w(t)||c ,2 (T 2 ) + 
\A s+a w(t)\) < C(T), for any T > to- Now consider the Galerkin approximation to (3.7): 

dv n (t) + A a v n (t)dt + P n {w{t) ■ V(v n (t) + z))dt = Prtfzdt, (3.8) 

v n (t ) = P n v , 

where P n is the orthogonal projection in H onto the linear space spanned by e\,...e n . Since 
all the coefficients are smooth in P n H, this equation has a smooth solution v n . We get the 
following estimate by taking the inner product in L 2 with A s e^ for (3.8), multiplying both sides 
by (v n ,A s ek) and summing up over k: 

-^-|AVf + K\A s+a v n \ 2 <\A s ~ a (w ■ V(v n + z))\\A s+a v n \ + 7 |A'z||AV l | 



2dV 



<C\A s+a v n \[\A s ~ a+1+ai (v n + z)\\\w\\ LP0 + \A s ~ a+1+r7l w\\\v n + z\\ LP0 ] 
+ >y\A s z\\A s v n \ 

<C|A s+Q r; n | 1+ro |A i, i; n | 1 - ro ||w|| LP o + C\A s+a v n \\A s - a+1+ai w\\\v n \\ LP o 
+ T |A s ,z||AV 1 | + C{T)\A s+a v n \[\A s ~ a+1+ai z\ + \\z\\ LP0 ] 



H 



<-\A s+a v n \ 2 + C(T)|AVT + C(T)Y\A s z\ l + C(T)|A s - a+1+<Tl ^, 
2 

where (1 — s) V < <j\ = 2/p < (2a — 1) A a , r = 1+g " 1 ~ ct , C{T) is a constant changing from 
line to line and we used Lemma 2.7 in the second inequality and the interpolation inequality 
in the third inequality and Young's inequality and H s C L Po in the last inequality. By this 
estimate and z G C(R, H s ~ a+1+ai ), we get that 



sup \A s v n (t)\ 2 + f \A s+a v n (l)\ 2 dl < C, 

£\to,T] J to 



J to 

r2\ 



where C is a constant independent of n. By a similar calculation and z G C(R, H ) we also 
obtain that 



sup \A a v n (t)\ 2 + [ \A 2a v n {l)\ 2 dl < C 
te[to,T] J t 



where C is a constant independent of n. By (3.8) and the above estimates we know that 

lkn||w r i.2([t ,T],.ff) < C. 

By the compactness embedding W l,2 ([t , T], H~ 3 ) n L 2 ([t , T], H s+a ) C L 2 {[t ,T], H s ) and 
14 Al,2 ([to, T], H) C C([to, T], H^ 1 ) we have that there exists a subsequence of w n converg- 
ing in L 2 ([t , T], H s ) fl C([to, T"], Z/" 1 ) to a function t> which is a solution to (3.7) and v £ 
L°°([t ,T]; H s D H a ) D L 2 ([t ,T}, H s+a D H 2a ) n C([t , T], tf" 1 )- Uniqueness of (3.7) is obvious. 

[Step 2] We construct an approximation of (3.6) by a similar construction as in the proof of 
[17, Theorem 3.3]: 

We pick a smooth > 0, with supp0 C [1,2], / °° 0=1, and for S > let 



POO 

U s [9](t):= / <f>(r)(k 6 * R L d)(t - Sr)dr, 
Jo 



where kg is the periodic Poisson Kernel in T 2 given by ks(() = e 5 '^',C £ an d we set 
#(£) = 0, £ < t - We take a zero sequence S n ,n £ N, and consider the equation: 

+ + «»(*) • V(^(t) + z) = 72 (3.9) 

with initial data u n (to) = ks n * Vq and it n = Us n [v n + z\. For a fixed n, this is a linear equation 
in w n on each subinterval [tfe, tfe+i] with tk = t + k5 n , since « n is smooth and is determined 
by the values of v n on the two previous subintervals. By [Step 1], we obtain the existence of 
a solution u n £ L°°([t ,T]; H s n H a ) n L 2 ([t ,T], H s+a n H 2a ) f] C([0,T], H' 1 ) to (3.9). Now 
for s < 1, we choose p such that ( 2 a-i)Ag < P — an( ^ ^ or s — ^ we ^ a ^ e an y P satisfying 
(2a-i)Ao- < P < 00 ' w here a"o appears in Assumption (E.l). From now on we fix such p and we 
have H s C L p by Lemma 2.8. Since the periodic Riesz transform is bounded on L p , we have 
for t > to and / > 

sup 1 1 A' Us[6] 1 1 lp < Csup ||A^|| iP , (3.10) 

[to,t] [to,t] 

and also t 

[ \\A l U s [6]\\ p LP dT <C I \\A l 9\\ p LP dr. (3.11) 

Jto Jt 
By Lemma A.l we obtain for v n the following inequality by taking inner product with 



\ p ~ 2 v n in L 2 



d 



v n \\ p LP + 2\ 1 \\v n \\ p LP <p\(u n ■ V(v n + z), \v n \ p 2 v n )\ +p(*yz, \v n \ p 2 v n ) 
<P\\ + Cp 1 \\ 

z \\LA\ V n\\ P LP i 



where we used divu n = and (u n ■ Vv n , \v n \ p 2 v n ) = in the last inequality. Therefore 
\\vn(t)\\ p LP -\\v n (t )\\ p LP + [ 2\ 1 \\v n {r)\\ p LP dr 



to 

V 



<e AlKllr* + \K\\%)dr + pC(e) f {\\Vz\\fc \\v n \\ p LP + C P1 \\z\\ p LP )dr 

Jto Jt 
nt r-t _p_ 

<e j \\v n \\ p LP dr + pC(e) / (||V^||£» \\v n \\ p LP + Cp7\\z\\ p LP )dr, 

Jt Jt 
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where we used Young's inequality in the first inequality and (3.11) in the last inequality. Then 
Gronwall's lemma, Vz £ C(R, H 1+£ ) C C(M, for e < e with e in (E.l) and if s C L p 
yield that for any T >t 

sup K(i)||LP < C, (3.13) 

«6[to,T] 

where C is a constant independent of n. 

Moreover, we get the following estimate by taking the inner product in L 2 with A s ek for 
(3.9), multiplying both sides by (v n ,A s ek) and summing up over k: 

d \A s v n \ 2 + n\A s+a v n \ 2 <\A s ~ a (u n ■ VK + z))\\A s+a v n \ + 7 |A s z||AX| 



2dV 



<C|A s+ X.|[|A s - Q+1+ai K + z)\\\u n \\ L v + \A s ~ a+1+ ^u n \\\v n + z\\ LP ] 
+ -f\A s z\\A s v n \, 



where <j\ = 2/p < (2a — 1) A a and we used Lemma 2.7 in the last inequality. Hence we obtain 
that for r = ^,r = ^ r , 

^(|AX(t)| 2 - \A s v n (to)\ 2 ) +k[* \A s + a v n \ 2 dr 

1 J to 

<C [ \A s+a v n \[\A s ~ a+1+ ^(v n + z)\\\u n \\ LP + \A s - a+1+ ^u n \\\v n + z\\ LP ] + 7 |A s z||A^ n |dr 

Jt 

<C [ [|A s+ Xr +ro |AX| 1 " ro + |A s+ X||A^ a+1+ai ^|]|k n |U^r + ^ / \A s+a v n \ 2 dr 

J to 4 J t 

+ C sup \\v n + z\\ 2 LP [ [|AX| 2(1-ro) |A s+ X| 2ro + \A s - a+1+ai z\ 2 ]dr+ [ ~?\A s z\\A s v n \dr 
te[t ,T] J to J t 

<1 f \A s+a v n \ 2 dr + C[ sup \\v n + z\\ r LP + \\v n + z\\ 2 LP + 1] f \A s v n \ 2 + \A s ~ a+1+ ^z\ 2 dr, 
1 J t te[t ,T] J t 

(3.14) 

where we used (3.10), (3.11), the interpolation inequality in the second inequality and Young's 
inequality in the last inequality. By Gronwall's lemma, z £ C(R; }j s ~ a+1+(T1 ) and (3.13) we get 
that for v £ H s 

\A s v n {t)\ 2 + k [ \A s+a v n \ 2 dT<C, (3.15) 

J t 

where C is also a constant independent of n. By the same argument as above we obtain 

lkn||w< rl ' 2 ([to,T],ii'- 3 ) < C, 

where C is a constant independent of n. By the compactness embedding W 1,2 ([to,T], H~ 3 ) D 
L 2 ([t ,T], H s+a ) C L 2 ([t ,T], H s ) we have that there exists a subsequence of v n converging in 
L 2 ([t ,T],H s ) to a solution v £ L™ c ([t , oo); H s ) D L 2 oc ([t , oo); H s+a ) of equation (3.6). Thus 
(3.15) is also satisfied for v. Uniqueness can be deduced from a similar argument as in the 
proof [17, Theorem 5.1] (also see the proof of Theorem 3.3). □ 
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Then taking the limit for (3.12) and using Gronwall's lemma, we obtain the following esti- 
mate which is essential to get the existence of an absorbing set in H s : 

\\v(t)\\ LP <\\v(t )\\ LP exp{ -(t-t )+ / ||V ■ z(T)\\ L oodr} 

C / (||V^(r)|| L o ||^(r)|| LP + C , 7 |k(r)|Up)exp{ -(t - r) + / \\Vz(l)\\ L ~dl}dT, t > t . 

J to P Jr 

(3.16) 



+ 



Theorem 3.2 Fix a > 1/2. Suppose the condition (E.l) holds. The solution v obtained in 
Theorem 3.1 is in C([t , oo); H s ). 

Proof Since v G Lf oc ([t , oo); H s+a ), by [19] it is sufficient to show that 



nil 

A s ^ t eLUit ,oc);H-«). 



Oil 

|(— ,AV)| =H-A a v,A s+a v) ~ ((u-V(v + z)),A s p) + ("fA'z 7 <p)\ 



For tp smooth enough, we have 

dv 
~dl 



<[ K \A s+a v\ +C\A s - a+1 (u- (v + z))\]\A a <p\ + 7 |A s - a ^||A Q ^| 
<C[\A s+a v\ + \A s ~ a+1+ai {v + z)\\\v + z\\ LP + 1 \A s ~ a z\}\A a ip\, 

where (1 — s) V < o\ = - < (2a — 1) A a as (3.14) and we used Lemma 2.7 in the last 
inequality. Then by a similar calculation as (3.14) 

\\A S — \\h-c < C(\\v + z\\ LP + l)\A s+a v\ + C\\v + z\\ LP \A s ~ a+1+ ^z\ + 7 |A^|. 

By (3.13), (3.15) H s C LP and the regularity for z, we obtain for — oo < t < T < oo 

" T dv 

\\A s -7-(r)\\ 2 H - a dr <oo, 

which implies that v G C([£o, oo); H s ). □ 

Theorem 3.3 Fix a > 1/2. Suppose the condition (E.l) holds. Then for any fixed t > 
0,cu G f2, the map H- w, to, ^o) is continuous from H s into itself, where v(t,u;t ,Vo) is 
the solution of equation (3.6) with v(t ) = t> . 

Proof Let v±,V2 be two solutions of (3.6) and ( = v\ — V2,9i = v\ + z, 62 = v 2 + z. Then £ 
satisfies the following equation: 

(j t (, <p) + «(A«C, A» = -(«!• VC, <p) - K ■ V0 2 , <p), 
where tp G C 1 (T 2 ), u±,u^ satisfy (1.3) with 9 replaced by 9i,( respectively. 
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Taking </? = A^e^, multiplying both sides by {(,A s ek) and summing up over k we have the 
following estimate since Vi G C([to, oo); fP) nL 1 2 oc ([t , oo); H s+a ), i = 1,2, by Theorems 3.1, 3.2 

~| A S C| 2 + ^|A s+a C| 2 = - (A>x • VC), A S C) - («c " V0 2 , A 2s C) 

<C|A s+a C|[|A s - a+1 M 2 )| + |A s - Q+1 ( Ml C)|] 
<C|A s+a C|[|A^ a+1+CT1 C|||^||Lp + |A s - a+1+CT1 ^|||C||Lp 

+ IA^+^^xHICIUp + |A s - Q+1+CT1 cill#ilM 
<C|A*^C| 1+ ^|A a C| 1-n) [|A*02| + \A S 9 1 \] 

+ |A s+a C||A s C|[|A^ Q+1+CT1 ^ 2 | + |A s - a+1+CT1 ^|] 
<^|A S+Q C| 2 + C[\A s 6 2 \ r + |A s ^| r 

+ \A s+a v 2 \ 2 + |A S - Q+1+CT1 ^| 2 + |A s+Q ?;i| 2 ]|A s Cr, 

where r = 1+a £~ a t r = for some (1 - s) V < tn = | < (2a - 1) A a as in (3.14) 

and we used Lemmas 2.7 in the second inequality and Lemma 2.8, the interpolation inequality, 
H s C LP in the third inequality and Young's inequality in the last inequality. Then Gronwall's 
lemma yields that 

|A\| 2 < C\A s ((t )\ 2 exp{ / T |A a 2 (r)r+|A a 1 (r)r+|A-- a+1 ^|V|A' +a T; 1 (r)|V|A- +a ^(r)| 2 dr}. 

J t 

Thus the result follows. □ 
Now for 6q G H s we define 

(p(t, oj)9 := v(t, oj; 0, #0 — z(0, oj)) + z(t, oj), t > 0. 

S(t, r; oj)9 := v(t, oj; r, 9 — z(r, oj)) + z(t, oj), t,r£l. 
Combining Theorems 3.1-3.3 we obtain the following results. 

Theorem 3.4 Fix a > 1/2. Suppose the condition (E.l) holds. Then tp(t,u)) is a continuous 
random dynamical system and S(t, r; oj) is a continuous stochastic flow, which is called the 
stochastic flow associated with the stochastic quasi-geostrophic equation driven by additive 
noise. 

Proof By the cu-wise uniqueness of the solution to equation (3.6) obtained in Theorem 3.1 and 
(3.3), we obtain that 

S(t, r; oj) = S(t, I; oj)S(1, r; oj), 

S(t, r; oj)x = S(t — r, 0; , & r oj)x, 

<f(t + r, oj) = ip{t, $ r cj) o if(r, oj), 

for all t, I, r G K and for all oj G Q. It remains to prove the measurability of (p : R x Q x H s — y H s , 
which also implies the measurability of 5" by the relation between (p and S. Since ip(t,u)9 = 
v(t, oj; 0, #0 — z(0, oj)) + z(t, oj), 1 1-> v(t, oj; 0, 9 ) and #0 *—y v(t, oj; 0, 9 ) are continuous, we only 
need to prove the measurability of oj t— y v(t, oj; 0, 9 ). By w-wise uniqueness of the solution to 
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(3.6) we deduce that each subsequence of the convolution approximation v n (t,u;0,8o) (which 
is measurable since w-wise uniqueness holds for (3.7)) we used in the proof of Theorem 3.1 has 
a subsequence converging to the same v(t, u; 0, 6o) in L 2 ([ti, t 2 ], H s ) for some t± <t < t 2 . Thus 
we obtain that the whole sequence of v n (t, u; 0, 9 ) converges to v (t, u; 0, 9 ) in L 2 ([t 1 ,t 2 ], H s ), 
which implies the measurability of u (-> v{t, oj; 0, 9 ). □ 



3.2 Absorption in H s at time t = — 1 

In this subsection we will prove the existence of an absorbing ball in the space H s . 

Lemma 3.5 Suppose the condition (E.l) holds. There exists random radius ri(u), ci(oj), c 2 (u) > 
0, such that for all p > there exists t(u) < —1 such that the following holds P-a.s.: For 
all to < t(cj) and all 9 G H s with lA^ol < p, the solution v(t,u;to,0 o — z(t ,uj)) with 
v(to) = 9o — z(to,oo) satisfies the following inequalities: 

|AM-1, w; to, 0o - z(t , u))\ 2 < r\(uj). 
\\ s v(t, uj- to, 6 - z(t , oo))\ 2 < ci(w), t G [-1, 0]. 
\A s+a v(t, uj; to, 9 - z(to, u))\ 2 dt < c 2 (u). 





-1 

Proof In the following we will prove some useful estimates in the space of H s for s > 2(1 — a) 
to get an absorbing ball in the space H s . 

[L 2 -norm estimates] First we give the L 2 -norm estimates which will be used in the proof 
of the if s -norm estimates. Multiplying (3.6) with v and taking the inner product in L 2 , we 
have 

t:^-\v\ 2 + K,\A a v\ 2 =(-u ■ V(f + z), v) + (jz, v) 

<C||V2:|| L °o[H 2 + |v| • \z\] +j\z\ ■ \v\. 

Then we obtain 

y\v\ 2 + ^\A a v\ 2 <[-Ai + ci||V2|| L oc]|t;| 2 + c||V«|||cc • \z\ 2 + c-f\z\ 2 . 

Now we set 

p(t) = -Ai + ci||Vz(t)||Lco, p(t) = c||Vz(0||l=c • W)\ 2 + c-i\z{t)\ 2 . 
Gronwall's lemma yields that 

-2 



,(_ 2 )| 2 < e ^o ^ l)dl \v(to)\ 2 + / e£ ^ l)dl p(a)da. (3.17) 

Jt 

By (3.2) and (3.4), we can choose 7 large enough such that 

lim — - — — / (— Ai + ci|| Vz\\L°°)dl < — — P — a.s.. 
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to->-oo —2 — to J t 



which combining (3.5) implies that 



lim e^o = P — a.s., 

to— oo 



and 



/-i _ 2 
e^ 3 ^ l)dl p{a)d(7 < oo P - a.s.. 
-oo 

By a similar argument as (3.17), we have that for t G [—2,-1] 



v(t)\ 2 < e ^^ dl \v(-2)\ 2 + / eti^ l)dl p(a)da. (3.18) 



-1 r - 1 /•-l 



|A a v(0l ^ < C(|v(-2)|^ + / |/i(0|di sup |v(t)r+ / p(l)dl). (3.19) 

7-2 -2<t<-l J-2 

Therefore, by (3.17), (3.18) and (3.19) we get that 

1 \A a v(l)\ 2 dl < C{e^ 2 ^ dl \v{t )\ 2 ^ 2 + Pl ), (3.20) 

2 

where ^ 

H 2 = 1+ / |/x(0|d/ sup e ^^ {l)dl , 

J-2 -2<t<-l 

Pi=// 2 / e^ 2 ^ dl p(a)da+ p(l)dl. 

Jt J-2 

By (3.2), (3.4), (3.5) the regularity of z and similar arguments as above we have that 

sup pi < oo P — a.s. 

t <-l 

[if s -norm estimates] Since v 6 C([t , oo), H s ) D L 2 oc ([t , oo), H s+a ), we obtain the following 
estimate as (3.14) 

I4|A a if + K|A 2a t;| 2 

<C\A 2a v\\A(v + z) 2 \ + -f\A a z\\A a v\ 
<C\A 2a v\[\A 1+ai v\\\v\\ LP + |A 1+<J1 w|||^|| L p + |A 1+ ^||M| L p 
+ \A 1+(71 z\\\z\\ LP ] + 1 \A a z\\A a v\ 

<^\A 2a v\ 2 + C(\\v\\ r LP + \\z\\ r LP +e)\A a v\ 2 + \A Wl z\ (A^l 1 ^ \A 2a v\ 1+f ° 



+ C(j\A a z\ 2 + |A 1+<T1 r' 2 
^\A 2 <*v\ 2 + C(\\v\\l P + 
+ C( 1 \A a z\ 2 + \A 1+ ^z\ 2 \\z\\ 2 LP ), 



<^\A 2a v\ 2 + C{\\v\\ r LP + II^H^ + |A 1+5l z|^ + £ )|A Q <u| 2 
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where r = 2a _ 2 °_ . i , p = ^- as in (3.14), r = 1 ^ - for some 0<o"i = |<l — a and we used 
Lemma 2.7 in the second inequality and Lemma 2.8, the interpolation inequality, H 2a C LP 
and Young's inequality in the last two inequalities. Then we get 

||A^| 2 <C(\\v\\l P + \\z\y LP + |A 1+ *s|^)|A»t;| 2 {3 22) 

+ C{ 1 \A a z\ 2 + \A 1+ ^z\ 2 \\z\\ 2 LP ). 

By (3.22), (3.16) and Gronwall's lemma, for / e [—2, —1], we have 
|A^(-1)| 2 <C{\A a v{l)\ 2 + J ( 7 |A a z| 2 + \A 1+CTl z\ 2 \\z\\ 2 LP )dr) 
exp J C[\\v\\ r LP + ||2||^ + \K 1+ ^z\^]dT 
<C(\A a v(l)\ 2 + J ( 7 |A Q *| 2 + |A 1+CT ^| 2 || 2 || 2 P )c/r) 
exp/ C[(\\v(t )\\ LP exp{ '-(r - t ) + / ||V*(0||l«»cH} 



P 



+ / (l|V^)lk-lk(0lk + C7p(0ll^)exp{-— (r-0+ HVz^lU^aW 

'to P 



+ II^H^ + I A 1 ^ 1 2 1 ^] dr. 
Integrating / over [—2, —1] and by (3.20), we obtain 



(3.23) 



|A^(-1)| 2 <C(/ \A a v(l)\ 2 dl + ( 7 |A a 2| 2 + \A 1+ ^z\ 2 \\z\\ 2 LP )dT) 

J-2 J-2 

C[(\\v(t )\\ LP exp{ -(r-t )+ / \\Vz(l)\\ L ~dl} 

1 P Jto 

+ / (\\Vz(l)\\ L o a \\z(l)\\ LP + C 1 \\z(l)\\L P )exp{ -(r-l)+ / \\Wz{a)\\ L ooda}dl) r 

Jto V Ji 

+ \\z\\ r LP + \\ 1+dl z\^]dT 
<C( e tf^' u \v(t )\ 2 ^+p 1 +p 2 ) 

ex P C[||i;(to)ir L pexp{ U Q + / r||Vz(0||L~dZ} +p 3 ] 

P 4 

<C ( (e^^ )d V(io)lV2+Pi+P2)e P3 exp[C ( |K;(t )||^exp{^o+ / r\\V z{l)\\ L ~dl)l 

P A, 



(3.24) 



where 



o 

p 2 = I ( 7 |A^| 2 + |A 1+CT ^| 2 ||z||| P )rfr, 

-3 
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P3=Csup(/ (||V^(0||L»lk(/)||L, + C , 7|k(0llL,)exp{^/+ / \\Vz(a)\\ L ~da}dl) r 
*o<-l </t P Jl 

+ y°(||^||l P + |A 1+5 ^|^)dr, 

By (3.2), (3.4) (3.5) and similar arguments as above, we can find 7 large enough and obtain 
p 3 < 00 P — a.s.. 

Moreover, by the same arguments as the proof of (3.23) and (3.24) we have 
\A a v(-2)\ 2 < C'(e^^ )d V(^o)|V 1 Vi+P2)e P3 exp[C'|| W (to)||^exp{^to+ / ' r\\Vz(l)\\ L ~dl}} 

where ^ 

^ = 1+ / W)\dl sup e f -^ m , 

7-3 -3<t<-l 



-1 r-l 

-3 



We can easily deduce that /x^ < 00, sup io< „ 1 p' 1 < 00 P-a.s.. (3.22) yields that for t 6 [—2, —1] 
|A^(t)| 2 <(|A^(-2)| 2 +p 2 )e P3 exp[C||i;(to)ir LP exp{ \ + / r||Vz(Z)|U=odZ}] 

P Jf 

^(eV^lw^lV ; + 2p 2 ) e 2 ^exp[C||<to)||^ex P {^o+ / 'rHV^OIU-tfl}]. 

(3.25) 

Using (3.21) we obtain 
-1 

\A 2a v{t)\ 2 dt 

-2 

<C[\A a v(-2)\ 2 + [ \\\v\\ r LP + \\z\\ r LP + \A 1+ ^z\^-o)dl sup \A a v(t)\ 2 + p 2 ] 

J-2 -2<*<-l 
-2 r9A /" ^ 

<C(e^ ^Iv^oJlV + 3p 2 + 2pi)e* 3 exp[C ||i;(io)||k exp{ -t + / r\\Vz(l)\\ L ~dl}} + Cp 2 , 

P Jto 

(3.26) 

where we used (3.25) in the last inequality. 

By a similar argument as (3.14) we have for sq > (2 — 2a) V (1 — 00) 

I— |A So T;| 2 + K|A ao+a[ T;| 2 
2dt l 1 1 1 

<C|A So+a t;|[|A S0 - a+1+,T1 t»|||t»|| i p + |A S0 - Q+1+,T1 t;|||^|| L p + |A s °- a+1+fT1 2| \\v\\ LP 

+ |A S0 - q+1+<Ti ^|||^|| L p] +7|A So z||A So w| (3.27) 

<^|A S » +Q t;| 2 + C(\\v\\ r LP + \\z\\ r LP + |A*o-a+i+-i z |2 + £ )|A S0 -y| 2 
+ C( 7 |A S ^| 2 + |A S0 - a+1+<Jl ^| 2 ||^||| P ), 
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where we used Lemmas 2.7, 2.8, the interpolation inequality and Young's inequality in the last 
two inequalities. Here r = 2a -i-a >P = ~ as i n (3-14) and we use H s ° C L p . Therefore by 



similar argument as in the proof of (3.24) and using (3.27) for so = 2a, we get a similar estimate 
as (3.24) for \A 2a v(— 1)| 2 . Thus by a boot-strapping argument we get that for s > 2(1 — a) 

|AM-1)| 2 <C(e / 'o 2MOd V(io)lV3 + g 2 )e 93 exp[C ( ^(to)||l P exp{^t + / ' r\\ Vz(l)\\ L ~dl}}, 

P Jt 

(3.28) 

for suitable p 3 , q 2 , q$. By (3.2), (3.4), (3.5), we can choose 7 large enough and obtain /i 3 , q 2 , q% < 
00 P — a.s.. Moreover, we have that 

exp{ 1 + / HI Vz(l)\\L°°dl} — > as t — > — 00 P — a.s., 

P J to 



and 



e /t o a M0«a _^ as t -> -00 P-a.s.. 



Then for |A s #o| < P> choose i(u;) such that 

eC^V(^o)| 2 /i3<l, 
|| W (to)|| r LP exp{ U + / r||V«(Z)|U=ctfl}<l, (3.29) 

P J to 

for all to < ^( w ) ; which implies the first result by (3.28). 
Furthermore, (3.27) yields that for t € [—1,0] 

|A^(t)| 2 ^CCe^o 2 ^^^)! 2 ^ + g 4 )e 96 exp[C|| V (t )||L P exp{^it + [° r\\Vz(l)\\ L ~dl}], 
and 

r-0 



P Jto 



\k s+a v(t)\ 2 dt 



1 



<C(eC^| v (t )|V 3 + g6)e w e X p[C r ||T;(to)||^exp{^o+ / r||Vz(Z)|U»di}] + g 8 , 

for suitable qA,Q5,Qe,Q7,Q8- By (3.2), (3.4) and (3.5) we can choose 7 large enough and obtain 
Qi,q5,qe,q7,qs < 00 P-a.s.. 

From this and a similar argument as above, the results follow. □ 



3.3 Compact absorption 

Lemma 3.6 Suppose the condition (E.l) holds. There exists a random radius r 2 (u) > 0, such 
that for all p > there exists t(u) < — 1 such that the following holds P-a.s. For all to < t(u) 
and all 9 £ P s with |A S 6> | < p, the solution 9(t,u;t ,9 ) = v(t,<jj;t ,6 — z(to,u)) + z(t,u) 
with v(t ) = 6>o — z(to,k>) satisfies the following inequality 

\A s+5 9(0,cu;t ,6o)\ 2 <r 2 2 (cu), 
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for some < 5 < a A a. 

Proof For < 5 < a A a, by Lemma 3.5 we have for almost every I G [—1,0], v(l) G 
H s+S . Then by a similar argument as the proof of Theorem 3.1 we obtain the solution v G 
L™ c ([l, oo); H s+S ) fl Lf oc ([l, oo); H s+a+s ). By a similar estimate as (3.14) we have for o"i,r,p as 
in (3.14), 

^\A s+6 v\ 2 + k\A s+0+5 v\ 2 <C\A s+a+s v\[\A s+l ~ a+s+CTl v\\\v\\ LP + \A s+l ~ a+5+ai v\\\z\\ LP 

+ \A s+1 - a+s+(71 z\\\v\\ LP + |A s+1 - a+<5+<T1 z|||z|| LP ] 



+ C-f\A s+d z\\A s+d v\ 
<K\ A s+c+8 v \2 + c(\\v\\ r LP + \\z\\ r LP + \A s+1 - a+s+ ^z\ 2 + e)\A s+5 v\ 2 
+ Cfr\A s+s z\ 2 + \A s+1 - a+5+r71 z\ 2 \\z\\ 2 LP ), 

where we choose o\ such that o~\ + 5 < o"o and use (E.l) with z G C(R; jp+i-a+tf+oi^ Hence 
by Gronwall's lemma and (3.16) we obtain for / G [—1,0] 

r° 

\A s+5 v{0)\ 2 <C{\A sU v{l)\ 2 + J ( 7 |A s+,5 z| 2 + \A s+1 ~ a+5+ ^z\ 2 \\z\\ 2 LP )dr) 

exp / [C(||^(to)|Upexp{ -(r-t )+ \\Vz(k)\\ L ~dh} 

Jl P Jto 

+ (l|Vz(Zi)|U»||^ 1 )|| L p + C 7 || ( ?(/ 1 )|| L p)ex P { -(r-/i)+ / \\Vz(a)\\ L ooda}dhy 

+ \\z\\ r LP + \A s+l - a+8+ai z\ 2 ]dT. 
Integrating in I over [—1,0] we deduces that for 5 < a 

\A s+5 v{0)\ 2 <C{ y° \A s+a v{l)\ 2 dl + j\ 1 \A s+s z\ 2 + \A s+1 - a+s+ai z\ 2 \\z\\ 2 LP )dr) 

/° 2A f T 
[C(\\v(t )\\ LP exp{ -(r-t )+ / ||Vz(Zi)|U«tfli} 

f T 2A f T 

+ / (\\Vz(h)\\L°°Mh)\\ LP + C 1 \\z(l 1 )\\ LP )ex P {^h+ / ||V^(o-)||i~do-}dZi) r 
Jto V Jh 

+ \\z\\ r LP + \A s+1 ~ a+5+ai z\ 2 ]dT 
<C( \A s+a v(l)\ 2 dl + (n\A s+s z\ 2 + \A s+1 ~ a+s+ ^z\ 2 \\z\\ 2 LP )dT) 



r2A 

e^exp[C||i;(to)|| LP exp{— ^t 4 



where 



n\ rO 



p 4 =Csup(/ (||Vz(/)|| L o O ||z(/)|| LP + C , 7|k(0||L,)exp{^i/+ j ||V^( < 7)|| L ccd < 7}dO T 

*o<-l A P 

+ y°(||z||2 P + |A s+1 - Q+5+CTl z| 2 )rfr, 
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By (3.2), (3.4), (3.5) we know < oo P-a.s. which combining Lemma 3.5 and (3.29) implies 
the absorption of ip in H 8+5 at time t = 0. □ 

Since the embedding H s+S C P s is compact, by Proposition 2.4 and [8, Corollary 4.6] we 
obtain the following results. 

Theorem 3.7 Fix a > 1/2. Suppose the condition (E.l) holds. Then the stochastic flow 
associated with the quasi-geostrophic equation (3.1) driven by additive noise has a compact 
stochastic attractor in H s . 

Moreover, the Markov semigroup induced by the flow on H s has an invariant measure p. 



4 Upper semicontinuity of random attractors 

In this section we consider the following equation 

d9 + (AJ + u-V9)dt = edW. (4.1) 

Now we fix the same s as in Section 3 and assume that G satisfies (E.l). By [13, Theorem 5.1], 
the solution operator S : S(t)9 = 9(t, 9o) defines a semigroup in the space H s , where 9(t, 9q) 
is the solution of equation (4.1) with e = and initial value 9q at time 0. Moreover, {S'(t)} 
possesses a global attractor A in H s . 

By Theorem 3.4 we obtain a continuous random dynamical system associated with (4.1) 

<p e : R + x n x H s -»■ H s . 

First we prove for P-a.e. u G Q and 9q € H s , to G M + 

<p e (t ,fi-tou)8o -> S(t Q )9 as e ->■ 0, 

i.e. 

^(0, -t ; w)^ -> S(t )^o as e -)• 0, 

where 5 e (0, — to; ^)#o denote the stochastic flow associated with equation (4.1) obtained in 
Section 3. 

Proposition 4.1 Suppose the condition (E.l) holds. Then for P-a.e. u G £1 and to £ ^ + 
and B C P s bounded 

lim sup \A s [S £ (0,-t ,uj)9 -9(t ;9 )]\ = 0. 

Proof Denote 9 £ (t,u) = S £ (t, — 1 ; w)6*o for simplicity. Let £ e (i, a>) = 9 £ {t,oj) — 9{t) where 9{t) 

is the solution to the unperturbed equations with the same initial condition 9 at —to- Then 
( £ satisfies 

d(e + A a Qdt + (u (e ■ VC e + u Ce ■ V9 + u B ■ VC e )rft = ed^(t), 
where satisfies (1.3) with 9 replaced by ( £ . We use the change of variable 

Ve = Ce- z £ := ( £ - e f e^ A «dW(l), 

J -to 
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which satisfies the following equality in the weak sense, 

+ A a r] £ + u Ve+Ze ■ V(?7 £ + z £ ) + u Ve+Zs -V9 + u e - V(r] E + z e ) = 0, 

where u Ve+Ze = w Ce . Since 9, 9 £ G C([—t , T], H s ) n L 2 ([—t ,T\, H 8+a ), we obtain the following 
estimate as in (3.14) by taking the scalar product with A^e^, multiplying both sides by (rj £ , A s ek) 
and summing up over k, , 

<(?%+ 2£ ■ V(r] e + z £ ) + u Ve+Ze -V9 + u e - V(?7 £ + z e ),A 2s r] e ) 
<C(\\rj £ \\ r LP \A s rj £ \ 2 + ||z e |UA fl 7/ e | 2 + |A S - Q+1+ ^ £ | 2 |A^| 2 + ||^|| 2 P |A S - Q+1+ ^ " 



= i 



+ C[\\e\\ r LP + |A^ Q+1+CT1 #| 2 ]|A s r/ e | 2 + C|A s - a+1+CT1 2 £ | 2 ||0|| 2 p + C\A s+a 9\ 2 \\z £ \\ 2 LP 
+ f|A s+ ^ £ | 2 , 

where a\,r,p are as in (3.14) and we used Lemmas 2.7, 2.8, the interpolation inequality and 
Young's inequality in the last inequality. Here the calculation in the last inequality is similar 
as in (3.14), so we omit the details. Then we have 

~\A s rj £ \ 2 <h(t) + k(t)\A%\ 2 , 

where 

h(t) = C(|A s - a+1+CTl z e | 2 ||0||| P + \A s+a 9\ 2 \\z £ \\ 2 LP + ||z £ ||i P |A s ^ +1+CTl z £ | 2 ). 

k(t) = C[\\ V£ \\ r LP + ||^||2 P + \\9\\ r LP + |A a -" +1+ ^0| 2 + \A s - a+1 +^z £ \ 2 }. 

Since 9 G C([-t , oo), H s ) n L 2 oc ([-t , oo), # s+a ) and sup eoeB /i(t) ->■ when e -> 0, by Gron- 
wall's lemma we obtain 

sup |A s ?7 e (t)| 2 -)> as e -)■ 0, 

006-B 

for all t > —to- Therefore 

sup |A s C £ (t)| 2 -> as £ -> 0. 

□ 

By the computation in Lemma 3.6 we can easily check that 

limr 2 , e (u;) < r d , 

with Td independent of u G f2, where T2 )£ is the random radius for the solution to (4.1) we 
obtained in Lemma 3.6. 

Then by [5, Theorem 2, Lemma 1] we obtain 

Theorem 4.2 Suppose the condition (E.l) holds. Let A £ (u) denote the random attractor 
for tp s . Then 

\imd(A £ ,A) =0 P - a.s. 

E— >0 

Moreover, the convergence above is upper semicontinuous in e, that is 

lim d(A e (u>), A eo (u>)) = P — a.s. 

£-S>£0 
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5 The triviality of the random attractor 



In this section we assume that G satisfies the same condition as in Section 3 and we take s = 1 
for simplicity. Then our assumption for G is 

S := Tr(A( 4+2e °)GG*) < oo. 

Under this condition we will prove that if the viscosity constant k is large enough or £ is 
small enough, the random attractor is trivial. The idea for the proof is inspired by the approach 
in [12]. But for the stochastic quasi-geostrophic equation we need more delicate estimates. 
Since for the stochastic quasi-geostrophic equation the dissipation term is not strong enough 
and cannot control the nonlinear term, we will use L p -norm estimate to control the nonlinear 
term in a larger space. In the following we will prove for almost every realization of the noise, 
trajectories starting from different initial conditions in H 1 converge to each other in a larger 
space H~ l l 2 which is the dual space of Sobolev space H 1 / 2 . 

Lemma 5.1 Fix a > 1/2. Suppose the condition (E.l) holds with s = 1. If So = k — 

2 P/2C P R C 2 S P K 1 -P[p{p - l)yl 2 \- p/2 Sl /2 > 0, i.e. > 2Pl 2 C p R Cf[ P { P - 1)}p/ 2 S p/2 for p = 

a 2 

where Cs, Cr are the constants for Sobolev embedding and Riesz transform respectively, then 
for S G (0, So) and 9 G H 1 , there exists a positive random time r = r(t , u>, Oo) independent of 
#0 such that for all t > r + to 

lA-^iSit^u^o- S(t,t -,u)0o)\ 2 < \A- 1/2 (9o-9 )\ 2 e- 5 ^. 
Moreover, Er q < oo for any q G (0, +oo). 

Proof We obtain that p := S(-,to;u)9 — S(-,to;u)9 satisfies the following equation in the 
weak sense: 

d ^ = -A aP -u-V9 + u-V9 
at 

= — A a p — u ■ Vp — Up ■ V9, 

where u p , u satisfy (1.3) with 9 replaced by p, 9 respectively and we write 9 = S(-, t ; u)9 , 9 = 
S(-,t ;u))9o for simplicity. Taking the inner product with A _1 p in H, and by 



(cf. [16]), we have 



H -x(u p -V9,A- 1 p) m =0, 



\j t \^P? = -K\A a --*p\ 2 ~ h-Au ■ Vp, A-W. 



We calculate 

\ H -i(u ■ Vp, A"^)^ 1 ! <IMIlp|HU p i ||va _1 pIUpi < ^slMM|p||tfv4vA _1 p||tfi/P 

<C s C R \\9\\ LP \\A-'p\\ 2 HlH < C^II^IUHIA-VII^IIA-VH^;^ 

<fiA a "vr+^(f) l - r ii^ii2,iA^pr, 

where Cs, Cr are the constants for Sobolev embedding and Riesz transform, respectively and 
C = CsCr and we used H l l p C LP 1 in the second inequality and the interpolation inequality 
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in the forth inequality and Young's inequality in the last inequality. Here ~ + = 1 for 
p > — r, r = — y — r ■ Then we obtain 



2 p 



j t \^h\ 2 < -*\A a ~h\ 2 + 2^(^ 1 - r ii^ir LP |A-vi 2 . 

Thus Gronwall's lemma yields that 

|A-^(t)| 2 < e (t-to)r(t-t„ ; *„^„)| A -i p(to) |2 5 

where 



„ 1 



T(t i; t ,6 ) = -K + 2C r (-y- r - I 



tl+to 



to 



By Proposition A. 2 we obtain 

rto+h 

\\0(to + t 1 )\\ p LP + X l / / \0(l)\*dZdl 



to 



<\\e \\ p LP + c p s [-p(p-i)f 2 x^s p /2 t 1+ p / / \e{i)r 2 e{i)didw{i). 

1 Jto JT 2 

Since p = implies p = r, we obtain that 



K,, „ 1 



r(ti,t ;^o) <-K + 2C\-y- p - / \\6(s)\\ p LP ds 



to+ti 



*1 ^0 
fto+ti 



< - K + 2C ,p (^) 1 ^^-||e ||ip + 2 p / 2 C ,p C^ 1 - p [p(p - l)f/ 2 A~ p/2 £: o p/2 



+2c p £y-*>-?- f° 1 / |e(or 2 e(Ode^(0- 

For Af(*i;t ) := p/^* 1 ir 2 |#(/)| p - 2 #(/R^(0, we have 

rto+ti r 

(M) tl <cp 2 s / (/ le^r'dtfds, 

Jto J T 2 



'to </T 2 

where we use || E,(G(e,)) 2 ] 1/2 |U~ < Ej ll G ( e j) ll!-] 1/2 < |A^G(e,)| 2 ) 1/2 . Then for 

any m > 2 

rto+ti r rto+ti p 

(M)™<Cp 2m £™( (/ ^(s)^" 1 ^) 2 ^)" 1 < Cp 2m E™t™- 1 / (/ ^(s)! 2 " 1 ^" 1 ^)^. 

Jto </T 2 Jt </T 2 

i2m(p-l) , ^11^ ii2m(p-l) 



Since Co := ll^oll^^-i) < C||^o||#i < oo, by Proposition A. 2 there exists a constant 

,2m(p-l) 

I i2m(p-l) 



C p ,m(Co) such that £||0(t)||^Sp-i) < C P ,m for * > t - Thus for M n = sup^.^^ M(t; t ), we 



have 

e\ 1 , ^ p 2m £^C p , m n r 



P (\M n \ > ^ n ,' n) < 



^e«P^Ai ^2m„2m ' 
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Now define the following random times 

eX 

T homid (t ,u,e ) := sup{n : \M n \ > A( j p ^y_ p n }- 
By Lemma A. 3, we have if m > 1, then Tb OU nd is finite almost surely. Define 

2^cne \\i P 

Set 

r = max(T bound ,iVi), 

then we get that 

n > r => r(n; t , #o) - Mo) < £■ 
Now we obtain for 5 G (0, So) and £ > r + to, 

\A~ 1/2 p(t)\ 2 < \A~ 1/2 (9 - 9o)\ 2 e-^- to \ 

For po e (0, +oo) by Lemma A. 3 Er Po is finite. □ 

Now we will prove the main result of this section. First we will prove the existence of the 
limit of the stochastic flow S(t, r, u)9q constructed in Section 3 when time r goes to — oo. Then 
selecting a strictly stationarity version of the limiting process is the random attractor desired. 

Theorem 5.2 Fix a > 1/2. Suppose the condition (E.l) holds with s — 1. If So = k — 

2P/ 2 C P R C 2 S P K 1 -P[p{p - l)]^ 2 X~ p/2 S p/2 > for p = ^4, where C S ,C R are the constants for 

a 2 

Sobolev embedding and Riesz transform respectively, then the RDS (p associated with the 
stochastic quasi-geostrophic equation (3.1) has a compact random attractor A{oj) consisting of 
a single point: 

A(u) = {fj {uj)}. 
Moreover, the invariant measure is unique. 

Proof First we prove that for all t € M and there exists fii C Q such that P(Jli) = 1 and for 
u G Qi there exists a limit r]t(oo) such that 

lim \A- 1/2 (S(t,r;u)6 -r ]t (uj))\ = 0. 

r— oo 

For fixed t\ G Z define 

n*(cu) := sup{n : r(— n + t±, u, 9q) > n}, 

where r(— n + ti, u, 9q) is the random time we obtained in Lemma 5.1. By the estimate for M n 
in the proof of Lemma 5.1 and definition of r(— n + ti,u, 9q) we have for p G (1, +oo) 

Er(-n + t u u,9 )^ < C(p ) 
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Then by Lemma A. 3 we know that E(n*) Pl < oo for any pi G (1, +00) and for t > ti,ni,n 2 G 
Z + , ni > n 2 > n* and 9 G H 1 , 

\A- 1/2 (S(t, -m + h; tu)9 - S(t, -n 2 + t x ; u)6 ))\ 

— n 2 -l 

< \^ 1/2 (s(tj + 1 + 1^)60 - s(tj + t 1] uj)e )\ 

j=-ni 

~ n2 ~ 1 (5 1) 

3=-ni 
—n-2 — 1 



< \^- 1/2 (S(j + l + t 1 ,j + t i; u)9 -9 Q )\e-^ +1+t ^, 



j=—'n 

where we used Lemma 5.1 and t— (j+l+ti) > r(j+l+ti,oj, 9q) for any j G N, —n\ < j < —n 2 —l 
in the last inequality. Now define the following random time 

s8 2 

r := sup{n : | A~ 1//2 5'(— n + 1 + ti, —n + t\\ oo)9 \ > n}, 

8 

Since 6q G if 1 by Proposition A. 2 there exists a constant C(m) such that 

E\3(-n + 1 + ti, -n + ti; w)^ | m < C(m), 

for m, n G N. Then by Lemma A. 3 Etq < 00 for any p G (l,+oo). Define Qq := {u : 
Tq(uj) V n*(oj) < 00} and then P(Cl ) = 1. For w G f2 and ni > n 2 > n* V r , by (5.1) we have 

|A- 1/2 (S(t, -m + ti; w)# - S(t, -n 2 + * l5 w)0 o )| < Cee~i\ 
Therefore, for all t > ti there exists a process rj t (u) such that 

lim \A~ 1/2 (S(t,n + t l ;uj)e -7] t (uj))\ = 0. (5.2) 

n— >— 00 

Since t\ is arbitrary we can define 77 for all time. Now we want to prove the convergence in 
(5.2) is satisfied from any initial time. 

For u G Qq, n > n* V r and r G [— n — 1, —n] we obtain for # £ -f^ 1 

lA" 1 / 2 ^, -n + t i; w)# - 5(4, r + t i; w)# )| 2 
= |A- 1/2 (5(t, -n + ti; w)5(-n + ti, r + t l5 w)fl - S'(t, -n + ti; w)# )| 2 (5.3) 
<(|S(-ra + *!, r + i i; w)# | 2 + ^e-^"-' 1 ), 

where we used Lemma 5.1 in the last inequality. By the same argument as (3.17) we have for 
r G [—n — 1, —n] 

\S(-n + h,r + h; cu)9 \ 2 < 2\v(-n + t u r + h, co, 9 - z(r + h))\ 2 + 2\z(-n + h)\ 2 

- +t p—n+ti 

< 2e /,T tl 1 MO«B|0 o _ (? ( r + tl )|2 + 2 / e /r +tl M0^( a ) rfa + 2 | 2 (_ n + t 1 )|2 5 

Jr+ti 
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where 

fi(t) = -Ai + d||Vz(t)|| L oo, p{t) = c||Vz(0||icc • \z(t)\ 2 + C1 \z(t)\ 2 . 

By (3.5) there exists Q2 C fl such that P(Q2) — 1 an d for an y £>0,weO2 there exists Nq(oj) 
such that for t > N , ci\\ Vz(— t)\\L°° < st. By this we obtain for n > N + t\ 



-n + t± 

-n+ti 



\S(-n + t u r + t i; co)9 \ 2 <2e^~ + H H-Ai-^j^ _ z(r + ^2 

./r^t-^-^p^dtr + 2\z(-n + *0I S 
<2e £(n+ ^ il) |^ -^(r + ti)r 

-Tl+tl 

e^ n+ l-^p{a)da + 2|z(-n + ti)| 2 



r+ti 



(5.4) 



-n-l+ti 

Combining (5.3) and (5.4) we obtain for n > (n* V To) V (TVo + £1) 

sup |A~ 1/2 (S'(t, -n + i i; u)6 - S(t, r + t^ u)6 )\ 2 

rg[— n— 1,— n] 

/— n+ti 
e £ (^+|-*0 :p ( c7 )rf o - + 2 |z(-n + tj) | 2 + c] e -25(*+n-i-ti) 
■n-l+ti 

Choosing e < 5 we obtain that for u E Qi := f2 H fi 2) 

lim |A- 1/2 (5(t, r + t l5 ^)fl - = 0. 

r— >— 00 

Moreover, for a; 6 — 00 < t\ < t<i < +00 and any bounded set B in H 1 

lim sup sup \A~ 1/2 (S(t,r;cu)9 - i]t(u))\ = 0, (5.5) 
r - > ~ oo *e[ti ) ta]0oeB 

which also implies that rjt(oj) is independent of 9o,t\. 

For #0 £ by similar arguments as the proof of Lemma 3.6 we obtain that there exists 
K(ti,t 2 ,uj) such that 

sup \A 1+5 7] t (u)\ < limsup sup |A 1+5 S(i, r; w)0„| < #X*i, *2, w) P - a.s. (5.6) 

te[ti,t 2 ] r->-oo te[ti,*a] 

Thus the interpolation inequality and (5.5), (5.6) yield that 

lim sup lAOS^rju^flo - *7iM)| 
r ^-°°te[ii,t2] 

< lim C sup lA-^^rj^^-^H)^ 1 sup \A 1+s (S(t,r;ou)6 - r] t (uj))\ l ~ Pl = 0, 
r ^-°° te[ti,t 2 ] *e[ti,t 2 ] 

(5.7) 

where 0i = sr^- From (5.6) and (5.7) we know that for almost all cu, t)(lu) E C(K;H r ) R 
L 2 oc (R; H 1+s ). Since for t > r 

S(0,r-t; # t u)0 o = S(t,r;u)6 o , 
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letting r — > — oo and by (5.5) we obtain 

•notftfjj) = rit(u) P - a.s., 

with the zero set depending on t. Now we can use Proposition 2.6 to deduce the existence of 
an indistinguishable process fj such that for all uj G Vt 

fjofttu) = »7t(w), 

and fj(u) G C(R; tf 1 ) n Lf oc (E; # 1+<5 ). 
Now we define 

^(w) = Ofo(w)}. 
Since x i— >■ (p(t,oj)x is continuous in if 1 , we get that P-a.s. 

<^(i, u;).A(u;) =y?(£, w) lim S^O, r;u;)0o 

r— oo 

= lim S(t,r;oj)9 

r— oo 

={*(")} 
=^t(w)), 

which implies the invariance of .A. Now for any bounded set P C P 1 P-a.s. 
lim sup \A(S(0,r;uj)9 - f) (uj))\ 
<C lim sup |A- 1 / 2 (5(0,r;u;)eo-^oM)| /3l |A ^+1 (5(0,r;a;)^o-^oH)^" ,3l =0, 

which implies that A attracts all the deterministic bounded sets. Now the first result follows. 
The uniqueness of the invariant measures is then obvious. □ 

6 Multiplicative noise 

In this section we consider the abstract stochastic evolution equation with Stratonovich multi- 
plicative noise in place of Eqs (1.1)-(1.3), 

m 

d6 + AJ + u{t) ■ V9(t)dt + h 3 e ° dwj{t) = 0, (6.1) 

3=1 

where u satisfies (1.3), bi, ■■■,b m G K and W = (wj(t), 1 < j < m), are two-sided Wiener pro- 
cesses on the canonical Wiener space (Q, J 7 , Ji,P),i.e. = <7 (M,M m ) := {u> G C(R, M m ), w(0) = 
0}, := uj(t), T t is canonical filtration and "& t is the Wiener shift given by , & t u := 

ou(t + -) —oj(t) and P = the law of W. Here we have that Wj, 1 < j < m have strictly stationary 
increments, i.e. for all i,r6l, wGfl, 

iWj(t, a;) — Wj(r, u) = Wj(t — r, l & r u) — i«j(0, $ r u;). 
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Consider the process 

Then, formally, the process v(t) defined by the time change 

v(t)=P(t)6{t), 

satisfies the equation (which depends on a random parameter) 

dv 

— + A a v + /T V • Vv = 0, (6.2) 

where u v satisfies (1.3) with v in place of 9. 

Then by similar arguments as the proof of Theorems 3.1-3.3, one can show that for every 
u G Q the following holds for s > 2(1 — a): 

(i) For all t G M and v G -£P, there exists a unique solution v G C([£ , oo); -£P) D 
Lf oc (t , oo; H s+a ) of equation (6.2) satisfying v(io) = Vq. 

(ii) If such solution is denoted by v(t, u, t , v ), the mapping t> — > v(t, u; t , v ) is continuous 
in H s for all t > t . 

Then we define 

(p(t, u)9 := p(t, u)~ l v{t, w; 0, O ), t > 0. 
r; w)# := w) -1 ^ w; r, 0„/3(r, w)), t, r G M. 

Theorem 6.1 Fix a > 1/2. <£>(t, w) is a continuous random dynamical system, and S(t, r; u) 
is a continuous stochastic flow, which is called the stochastic flow associated with the quasi- 
geostrophic equation driven by multiplicative noise. 

Proof By the w-wise uniqueness of the solution to equation (6.2) obtained above, we have that 

S(t, r; oj) = S(t, I; u)S(l, r; u), 

S(t, r; u)x = S(t — r, 0; $ r u))x, 

<p(t + r,uj) = <f(t, $ r u) o tf(r, u), 

for all t, I, r G M and for all u G f2. It remains to prove the measur ability of ip : IR + x Q x H s — > 
H s . Since cp(t, co)9 = j3(t, uj)~ l v{t, u; 0, 9 ), t H- v(t, u; 0, 9 ) and 9 H- v(t, u; 0, 9 ) is continu- 
ous, we only need to prove the measurability of uj \-> v(t, u\ 0, 9 ). By the w-wise uniqueness of 
the solutions to (6.2) each subsequence of the convolution approximation v n (t, oj\ 0, 9 ) we used 
in the proof of existence of solutions to (6.2) has a subsequence converging to v(t, uj; 0, 9o) in 
L 2 {[ti, £2]; H s ) f° r some t\ < t < Thus we obtain that the whole sequence of v n (t,u;0,9o) 
converges to v(t, cu; 0, 6*0) in L 2 ([ti, t 2 ], H s ), which implies the measurability of uj v(t, cu; 0, 9 ). 
□ 

Fix t < ~~ 3. Now we start with some useful estimates which lead to the proof of the 
existence of an absorbing set for the solutions in the space H" for s > 2(1 — a). For s < 1, we 
choose p such that ^-j- < p < ^ and for s > 1 we take any p satisfying ^-j- < p < 00. In 
the following we fix such p, we have H s <Z L p . 
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Lemma 6.2 

\v(t)\ 2 < \v(t )\ 2 e~ 2Mt - t0 \t>t . 

Furthermore, 

rt+l 

\v(t+l)\ 2 + K J \A a v\ 2 dr <\v{t )\ 2 e- 2Xl{t - t0 \t>t . (6.3) 

Proof By above we have v G C([to, +00); H s ). Multiplying (6.2) with v and taking the inner 
product in L 2 , we have 



dt 

Then Gronwall's lemma yields that 



L v\ 2 + 2 K \A a v\ 2 <0. 



\v(t)\ 2 < \v(t )\ 2 e- 2Xl{t - t0 \t>t 



o- 



which implies that 



ft+i 

\v(t + l)\ 2 + 2K I \A a v\ 2 dr <\v(t)\ 2 <\v(t )\ 2 e- 2Xl{t - to \t>t . 



□ 



Lemma 6.3 For p as above, we have 



2Ai 

IK*)||l* < \Ht Q )\\ L pexp{-—(t-t )},t>t . (6.4) 

Proof Multiplying (6.2) with p\v \ p ~ 2 v , taking the inner product in L 2 and using Lemma A.l 
we have 

||| V |r LP + 2A 1 ||i;|| p LP <0. 

By Gronwall's lemma, we obtain (6.4). We can choose a similar approximation v n as in the 
proof of Theorem 3.1 to make it rigorously. □ 

Lemma 6.4 There exists random radius ri(u) > 0,ci(u) > 0, and 02(00) > 0, such that for 
all p > there exists t(u) < —3 such that the following holds P-a.s. : For all to < t(w) and 
all #0 £ H s with \A s 6q\ < p, the solution v(t, u; t , (3(t , lj)9 ) with v(t ) = (3(to)9 satisfies the 
following inequalities: 

\A s v(-l,u;t ^(t ,tu)6 )\ 2 < r 2 (u). (6.5) 

\A s v(t,u;t ,(3(t ,u)8 )\ 2 < c\(uj),t G [-1,0]. (6.6) 
-0 

|A s + Q ^, W ;t ,/3(to,^o)| 2 ^ < c 2 (u). (6.7) 



-1 

Proof To prove Lemma 6.4, first we give the .£P-norm estimates of the solutions to (6.2). 
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[iP-norm estimates] Since the solution of (6.2) v G C([t , oo); H s ) nLf oc (t , oo; H s+a ), we 
obtain for sq < s the following estimate by taking the inner product in L 2 with A s °ek for (6.2), 
multiplying both sides by (v,A s °ek), and summing up over k: 

1 'A S0 v\ 2 + n\A Sa+a v\ 2 <C/3- 1 |A' 0+a T;||A" > - a+1+ol T;|||v|| L p 



dt 



<^\A S0+a v\ 2 + C(f3- l \M L v) T \A So v\ 2 



2' 

k 2A 

-\A S0+a v\ 2 + C(\\6(t )\\ LP p(t)- l P(to)eM -(t-t,)W\\^,\ 2 . 

I p 



(6.8) 

where < 0\ — - < 2a — 1, r := 2a _ 2 f_ g . i as in (3.14). We used Lemmas 2.7, 2.8 in the first 
inequality, the interpolation inequality and Young's inequality in the second inequality and 
(6.4) in the last inequality. Here the calculation is similar as (3.14) and we omit the details. 
By Gronwall's lemma we have for / G [—2, —1] 

|A««(-l)| a <|A*M0| 2 exp{ / C(||^(t )|| LP /3(r)- 1 /3(to)exp{-^i(r-to)}) r rfr} 

Ji P 

C(/3(r)- r exp{ * T })dT\\9(t ) \\ r L ^{t Q ) r exp{— ^t }}. 

■2 P P 

(6.9) 

Integrating / over [—2, —1], we obtain 



/ f~ 1r\ 2rA 
\A s »v(l)\ 2 dlex V { C(/3(r)- r exp{ -r})dr\\e(t )\\l P P(t o y exp{ U 
-2 J-2 P P 

(6.10) 



Thus for So = a, (6.3) yields that 

/— l 2rA 2rA 
C(/3(r)- r exp{ -r})dr||0(t o ) ||I P /3(io) r exp{ ^ ». 
-2 P P 

(6.11) 

By a similar calculation, we also get 

/— 2 2rA 2rA 
C(/3(r)- r exp{ -r})dr||6»(to) H^^Cto)" exp{ Uo}}. 
3 P P 

(6.12) 

Hence by (6.8) and Gronwall's lemma, we have for t G [—2, —1], 

/t 9A 
C(||^(t )|| iP /3(r)- 1 /3(t )exp{ l( r - t )})^r} 
2 P 

/— l 2rA 2rA 
C(/3(r)- r exp{ -r})dr\\9(t ) \\ r L M«T e*p{ -*o}}- 
-3 P P 

(6.13) 
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Moreover, by (6.8), (6.12) and (6.13) we obtain 

-1 p— 1 r)\ 

\A 2a v(l)\ 2 dl <C\A a v(-2)\ 2 + C / (||0(to)||w/3(r)- 1 /3(*o)exp{ L(r-t )}) r dr 

2 J-2 P 



sup |A a v(t)| 

-2<t<-l 



2 



/— l 2r A 
C(/3(r)- r exp{ -r})dr 
■3 V 

2r A 

\\e(t w LP (3(t y ex P {^t }} 

p 

C(/3(r)- r exp{-— ^r})rfr||^(t )||2 P /3(t ) r exp{— ^t }}. 

Therefore by the same arguments as above and a boot-strapping argument, we get for s > 
2(1 -a), 

/— 1 2r\ 2r\ 
C(/3(r)- r exp{ -r})dr\\e(t ) \\ r LP f3(toY exp{ U }}. 
■3 P P 

(6.14) 

Then by (6.8) we have for i G [-1, 0], s > 2(1 - a) 

C(||fl(tb)||ip)9(r)- 1 )9(to)fflq){-=^(r-to)}) r dr} 
■l P 

/o 2rA 2rA 

C(/3(r)- r exp{-— ir})rfr||0(t o )||2 P /3(t o )^exp{— ^t }}, 

(6.15) 

and 

o /-o 2A 

\A' +a v{l)\ 2 dl<C\A'v(-l)\ 2 + C (||0(t o )|W(O _1 ^o)exp{ ^(t-t )}) r ^ sup |A s t;| 2 

-1 J-i P -i<t<o 

/o 2rA 2rA 

C(/3(r)- r exp{— ; ^r})dr\\9(t )\\l P (3(t o r ex P {— ±t }}. 



[Absorption in H s at time t = — 1] 

Since 



(6.16) 



lim y bjWj(t) = P — a.s., 

we have that 



t ^f — oo t 



2rAi 

/3(to) r exp{ 1 } — > as to — > — oo P — a.s. 

V 



Then for |A S # | < P; choose t(cj) such that 



2r A 

||fl(to)ir LP /3(*o) r exp{— ^ }<1, 
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Kt )|V A < 1, 

for all to < t(u). Hence by (6.14) we get (6.5). (6.6) and (6.7) can be obtained similarly by 
(6.15) and (6.16). □ 

Lemma 6.5 There exists a random radius t 2 (uj) > 0, such that for all p > there exists 
t(u) < —1 such that the following holds P-a.s.: For all to < t(oj) and all 0q £ H s with |A s #o| < p, 
the solution v(t, u; t , (3(to, oj)6q) with v(to) = (3(to)9 satisfies the inequality 

\A s+a 9(0,cu;t ,9 )\ 2 <r 2 2 (cu). 

Proof By (6.7) we have for almost every I G [—1, 0], v(l) G H s+a . Then by a similar argument 

as in the proof of Theorem 3.1 we obtain the solution v G L™ c ([l, oo); H s+a )nL 2 0c ([l, oo); H s+2a ). 
By a similar estimate as (6.8) we get that 

^-\A s+a v\ 2 + n\A s+2a v\ 2 <cp- 1 \A 8+2ot v\\A a+1+ ° i v\\\v\\ L p 

<-\A s+2a v\ 2 + C^WvWlpYIA^vI 2 
2 

k 2 A 

<-\A s+2a v\ 2 + C7(||0(f<,)| W _1 (Wo) exp{ l -(t - t )}) r |A s+ ^| 2 , 

l p 

where o~i,r, p are as in (3.14) and we used Lemmas 2.7, 2.8, the interpolation inequality and 
Young's inequality in the second inequality and Lemma 6.3 in the last inequality. Therefore 
Gronwall's lemma implies that 

\A s+a v(0)\ 2 <|A*+MZ)| 2 exp{ / C(||fl(to)|U,/rV)/3(to)exp{ L( r -t )})^r} 

Ji P 



< A s+a v 



/ 2r\ 2r\ 
C(/3(r)- r exp{ -r})<*r||0(t„) MhY exp{ U }}. 
l P P 



Integrating I over [—1,0] and by (6.16) we have 
\A s+a 9(0)\ 2 = \A s+a v(0)\ 2 

/o p0 2r\ 2r\ 
\A s+a v(l)\ 2 dlexp{ C(/3(r)- r exp{ M)dr||0(t o )llk0(*o) P exp{ U }} 
-i J-i P P 

/o 2r\ 2r\ 
C(/3(r)^exp{ -r})dr||0(t o ) HkW exp{ ^t }}. 
-3 P P 

From this and a similar argument as in the last step of the proof of Lemma 6.4 we have the 
absorption of ip in H s+a at time t = 0. □ 

Thus by Proposition 2.4 and [8, Corollary 4.6] we obtain the following results. 

Theorem 6.6 Fix a > 1/2. The stochastic flow associated with the quasi-geostrophic 
equation driven by multiplicative noise (6.1) has a compact stochastic attractor in H s . 

Moreover, the Markov semigroup induced by the flow on H s has an invariant measure p. 
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Appendix In the appendix we will collect some useful results we proved in [17] for the reader's 
convenience. 

Lemma A.l ( [17, Lemma 7.4.1] ) For a G (0, 1), and 6 G H 1 with A 2a 6 G L 2 , for some 
2 < p < oo, then 

2X 1 . 



/ 



6\ p - 2 6U\ 2a -)6 > 0. 

V 



Proposition A. 2 ([17, Proposition 7.4.2]) Let a > ~. Suppose (E.l) holds with s = 1. Then 
for #o £ L p , let # denote the solution of equation (3.1) with the initial value 6q a t time to- Then 

for 2 < p < oo, t > t 



P(t)\\% + M I I W)\ p didl 
<ll^o|li P + ^[^-l)] p/2 Ar^o P/2 (^-^o)+J> f [ 

Z Jto J T 2 



to J I 2 

\6(l)r 2 6(l)dtdW(l), 



and 



E\W)\\% < ll^oir LP e- Al ^) + £(1 - e- x ^-^). 



The following Lemma is a technical result from [12, Lemma 5]. Let {X n } be a sequence 
of real random variables indexed by n. Let / : Z + — > M. + . Define the random variable 
Abound ({^ n } , /) to be the smallest positive integer such that m > Tb oun( j({X n }, /) |X m | < 
f(m). 



Lemma A. 3 Assume that 



P(\X n \ > en s ) < < 



n pd £ p - n pd-r £ p- 

for some e,6,p,C > and r > 0. Then E[T hound ({X n } , e5 n )] q < oo for q G (0,p5 - (1 + r)). 
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